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Abstract

Some results on the approximation of functions from the Sobolev spaces on metric graphs
by step functions are obtained. In particular, we show that the approximation numbers a, of

the embedding operator of the Sobolev space L' (G) on a graph G of finite length |G| into the
space L?(G, ), where p is an arbitrary finite Borel measure on G, satisfy the inequality
an <|G|"7 W(G)Pn!, 1<p< .

The estimate is sharp for any ne N.
© 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

A metric graph is a graph whose edges are viewed as non-degenerate line segments,
rather than pairs of vertices as in the case of the standard (combinatorial) graphs.
This difference is reflected in the nature of functions on the corresponding graph.
For a combinatorial graph this is just a family of numbers {f(v)} where the
argument v runs over the set of all vertices, while a function on a metric graph is a
family of functions on its edges, usually subject to some matching conditions at the
vertices.

" Partially supported by the NATO grant PST.CLG.978694.
E-mail address: solom@wisdom.weizmann.ac.il.

0021-9045/03/$ - see front matter © 2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S0021-9045(03)00033-9



200 M. Solomyak | Journal of Approximation Theory 121 (2003) 199-219

Sobolev spaces L'# on a metric graph G are defined in a natural way, by analogy
with their counterparts for a single interval. The local properties of functions from
these spaces outside the vertices are evidently the same as for the case of an interval.
However, the global properties may depend on the geometry of a given graph. We
establish some results on approximation of functions from L'? by step functions.
The estimates obtained are uniform with respect to all graphs of a fixed length and
do not depend on the structure of the graph. The estimates are sharp with respect to
all the parameters involved. We believe that such results are useful for better
understanding of function spaces on graphs.

An important phase in the development of analysis on metric graphs was started
by Evans and Harris [3]. Embeddings of the Sobolev spaces W'”(Q) in L”(Q) were
studied there for a wide class of domains with irregular boundary. A characteristic
feature of these domains is that they have a “ridge”, this being a metric tree. In [3]
the study of such embeddings was reduced to the investigation of the behavior of the
approximation numbers for the weighted Hardy-type integral operators on the ridge.
For p =2 approximation numbers coincide with the singular numbers, and the
problem can be reformulated in terms of the eigenvalue behavior for the “weighted
Laplacian” on the tree. From this point of view the question was analyzed in [3].
Eigenvalue estimates for the weighted Laplacian were obtained there in terms of
appropriate partitions of the given tree into a family of segments. Some of the results
of [5] were considerably refined by Evans, Harris, and Lang in their recent paper [4].
The main novelty of [4] consisted in replacement of segments, as elements of a
partition, with arbitrary compact subtrees. A thorough analysis of the
partitions appearing in the process of approximation allowed the authors to
obtain important results for arbitrary p, 1<p< co. In particular, for pe(l, o0)
they established a Weyl-type asymptotic formula for the approximation
numbers.

Our goal in this paper is to consider arbitrary graphs, rather than only the trees.
The language of Hardy-type integral operators is no more relevant, since such
operators are well defined only on trees. Instead, we study embeddings of Sobolev
spaces on the graph G into the space L” (G) and into the spaces L”(G, u) where pu is
an arbitrary Borel measure on G. The character of the results obtained makes it
apparent that this language is adequate. Following the idea of [4], we use partitions
of a given graph into subgraphs, however the way of this usage differs from the one
in [4]. We restrict ourselves to the case of compact graphs, since the passage to non-
compact ones can be carried out exactly as in [4] and does not require new ideas, as
soon as one is interested only in the estimates but not in asymptotics.

Introduce some necessary notations. Let G be a connected graph with the set of
vertices ¥~ = 77(G) and the set of edges & = &(G). Compactness of a graph means
that #6& < oo and hence, also # 7~ < oo. The distance p(x,y) = pg(x,») between any
two points x, y€ G (and thus, the metric topology on G), and also the measure dx on
G are introduced in a natural way; see Section 2 for detail. Below |E| = |E|; stands
for the measure of a measurable set £ <G. If in particular E = e is an edge, then |e| is
its length.
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Below the symbol Mi(G) stands for the set of all finite Borel measures on G. For

1<p< o0, we denote by || - ||, , the norm in the space L”(G, p), i.e.

1/p
wazmmmw:(éww@ , p<oo

with the standard change if p = oo. If the measure u is absolutely continuous, i.e.
du =V dx, then we write V instead of u in the above notations. We drop the index u
(or V) if du = dx.

A function u on G belongs to the Sobolev space L'? = L'?(G), if u is continuous
on G and its restriction to each edge e has the distributional derivative #’ which is a
function from L”(e). The functional |[u/||s, defines on L'” a semi-norm vanishing
on the one-dimensional subspace of constant functions.

We say that v is a step function on G and write ve Step(G), if v takes only a finite
number of different values, each one on a connected subset of G. Any function
veStep(G) can be represented as a linear combination of characteristic functions of
mutually disjoint connected subsets. We write veStep,(G), if for v there exists a
representation with the number of terms less or equal to n.

We are interested in the approximation of functions uel!” (G) by functions
veStep, (G). More exactly, we study two problems: the uniform approximation (i.e.
approximation in the metric || - |[,) and approximation in the metric || - ||, ,. In the

first problem we construct a mapping Z, :L'”(G)— Step,(G) such that [ju—
Zyul| . <Cp(G)(n+ 1)71||u’||p. This problem is elementary for p = oo, when the

operator Z,, can be chosen linear and C, (G) = |G|. For p< o0 a linear mapping Z,
with the required properties does not exist but we find a non-linear mapping which

gives the same rate of approximation, with C,(G) = |G|1/p " In the second problem
we establish a similar result by means of a linear approximation operator; this
operator depends on the measure u.

Below we present formulations of the typical results.

Theorem 1.1. Let G be a compact graph and 1<p<co. Then for any function
uel'”(G) and any neN there exists a function ve Step,(G) such that

Gl/P’ /
ol <G,
*© n+1

If p = o0, the mapping ur v can be chosen linear.

(1.1)

Theorem 1.2. Let G be a compact graph and peM(G).

(1) Let 1<p<oo, then for any neN there exists a linear operator
P, :L'?(G)—Step(G) such that rank(P,)<n and

161" ()"

= Pa], <=2,

Vuel'?(G). (1.2)
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(i) Let p= oo and du =V dx where VeL”(G). Then for any neN there exists a
linear operator P, :L"* (G)— Step(G) such that rank(P,)<n and

IGIII V]I, o
= Patd|, < =], Vuel"*(G). (13)
n+1

In Section 6.1 we show in particular that the factor (n 4+ 1)71 in (1.2) and (1.3) is
the best possible for each n.

The simplest example of a metric graph is the single segment [0, L]=R. For this
case, above theorems basically turn into the results of Theorems 3.1 and 3.3 of the
paper [1] by Birman and the author (more exactly, into the one-dimensional
particular case of these results). The most important feature of estimates (1.1)—(1.3)
is their uniformity with respect to all graphs of a given length.

Our proofs are based upon Theorem 2.1 on partitioning of a graph. This theorem
can be considered as a far going generalization of Theorem 4.1 from [1]. For trees
and absolutely continuous measures du = V' dx Theorem 2.1 was established in [7].

Let us describe the structure of the paper. The auxiliary result about partitioning
of graphs is stated in Section 2, its proof is postponed until Section 5. In Section 3 we
prove Theorems 1.1 and 1.2, more exactly we are dealing with their generalizations
to the Sobolev spaces with weights. In Section 4 we consider Besov spaces of
smoothness order §<1 and prove the corresponding analogs of Theorems 1.1 and
1.2.

The final Section 6 is devoted to discussion of the results obtained. In particular,
we interpret our results in terms of approximation numbers of the appropriate
embedding operators. We also show that in the case when G is a tree Theorem 1.2
and its generalization, Theorem 3.2, can be translated into the language of Hardy-
type integral operators. The behavior of approximation numbers of such operators
was studied in detail in [4], and there are some important intersections between our
corresponding results. We discuss them in Section 6.5.

For p = 2, the results about approximation can be reformulated in terms of the
eigenvalue estimates for certain compact operators in a Hilbert space. In the present
paper we do not touch upon this problem. For the most important case of Theorem
1.2 and absolutely continuous measures pu this was done in [7], and similar
applications of our other results can be obtained in the same way.

2. The key auxiliary result

Let G be a compact graph. We always consider connected graphs, including the
ones with loops and multiple joins. For two vertices v, w the notation v~ w means
that there exists an edge ee & whose ends are v and w. Connectedness of the graph
means that for any two vertices v,we ¥, v#w there exists a sequence {vx }o<j <, Of
vertices, such that vy=wv, v, =w and vi_;~v;r for each k=1,...,m The
combinatorial distance p..,,(v,w) is defined as the minimal possible m in this
construction. We let p ., (v,v) = 0 for any ve 7"
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The degree d(v) of a vertex v is the total number of edges incident to v. The graphs
G consisting of a single vertex (i.e. #7°(G) = 1, &(G) = 0) are called degenerate. If
the (connected) graph G is non-degenerate, then its vertices v with d(v) = 1 form its
boundary 0G.

We say that a graph G is a subgraph of G if G is a closed and connected subset of
G. According to this definition, the vertices of a subgraph not necessarily are vertices
of the original graph. For this reason, it is often convenient to treat an arbitrary
point xe G as a vertex. We set d(x) = 2 for any x¢ ¥(G) and write v~x if ve 7' (G)
is one of the endpoints of the edge containing x. Given a subgraph G, we denote by
dg(x) the degree of a point xe G with respect to G. Clearly, always dg(x)<d(x).
Note also that pg(x,»)=pg(x,p) for any x,yeG.

Along with subgraphs, our constructions involve arbitrary connected, not
necessarily closed subsets £ <=G. Below %(G) stands for the set of all such subsets.
If E€%(G), then the closure £ is a subgraph, and the complement E\E is a finite set.
The distinction between E and E is important only when dealing with measures
ueM(G) having non-zero point charges.

We denote by U the union of subsets which are mutually disjoint, and say that the
subsets Ey, ..., Ex€%(G) form a partition, or a splitting of a set E€%(G), if E =
E\v---UE. If E,E €%4(G) and E| cE, then sets E, ..., Ex€%(G) can be always
found which together with E; form a partition of E.

Let @ be a non-negative function defined on the set (G) and taking values in
[0, 00). We call the function @ super-additive if

E=U B =Y o) <oE). 2.1)

It is clear that any super-additive function is monotone:

E\cE = ®(E) <O(E). (2.2)

We are interested in the class S(G) consisting of all super-additive functions
satisfying some additional properties which are listed below.

(1) Let {E"}, reN be a family of sets from %(G). Then
(D(Er)aCD(ﬂE”) asr—»oo if E'DE*> ... (2.3)

(D(E’)—’CD(UEH) as r—» oo if ElcE*c ... . (24)

n

(2) ®({x}) =0 for any xeG.

Let My (G) stand for the set of all measures peMi(G), such that u has no points of
positive measure. It is clear that My(G) =S(G). A more general example is given by
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the implication
O(E) = iy (E)'15(E)'™, 1, €Mo(G), 1,eM(G), 0<a<1 =DeS(G).(2.5)

Indeed, the super-additivity of @ is implied by Hélder’s inequality, (1) follows from
the standard properties of measures, and (2) follows from the condition y; € Wiy (G).

It is important for the applications that only one of two measures y;, i, has to
belong to the set Ny (G).

Along with partitions, we shall use pseudo-partitions. Let E,T', ..., T, €% (G) and
E =J,_, T;. We say that this is a pseudo-partition of E, if #(I';nT;) < co for any
i,j=1,....r, i#j. We call a pseudo-partition nice if the intersection ﬂ]'le I'; is not
empty. This intersection is necessarily finite.

With each function ®eS(G) we associate another function ® which is defined as
follows:

O(E) = infinllaxr o(T)), (2.6)
where the infimum is taken over the set of all nice pseudo-partitions of the set E.

All our results on approximation will be derived from the following Theorem 2.1

on super-additive functions on ¢(G).

Theorem 2.1. Let G be a compact metric graph and ® € S(G). Then for any neN there
exists a partition G = E; Y --- Y Ey of G into a family of subsets from €(G) such that
k<n and

BE)<Sn+1)"'D(G), Vi=1,..,k (2.7)

The proof is rather complicated and we postpone it until Section 5. For super-
additive functions ® such that

{E,Ee%(G), |E\Eo| +|Eo\E|->0} = {®(E)->d(Ey)}

both the formulation and the proof become much more transparent. This happens
due to the fact that then ®(E) = ®(E) for any E€%(G), and the difference between
partitions and pseudo-partitions becomes unimportant. This simplified version of
Theorem 2.1 was obtained in [7]. The general result we give here, is necessary only
for handling measures u¢9i)(G) in Theorem 1.2 and its generalizations, Theorems
3.2 and 4.2.

Now we turn to applications of Theorem 2.1.

3. Approximation of weighted Sobolev spaces

3.1. Weighted Sobolev spaces

Theorems 1.1 and 1.2 are particular cases of similar results for the weighted
Sobolev spaces. For this reason we do not present separate proofs of the original
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theorems but do this for the corresponding general results. We start with the
necessary definitions.

Let G be a compact metric graph, 1<p< oo, and p' = p(p — 1)_1. Let a(x) be a
measurable function on G such that a(x)>0 a.e. It is convenient to associate with
a(x) another function,

wa(x) = a(x)""", p<oo; w(x) =a(x)"', p= . (3.1)
Our basic assumption is w, €L” (G). For p< oo this is equivalent to 1/ael”~'(G). A

function u on G belongs to the weighted Sobolev space L'”(G, a) if u is continuous
on G, its restriction to each edge ec& has the distributional derivative ', and

|[¢/],, < oo. The latter functional defines on L'?(G, a) a semi-norm vanishing on the

subspace C of constant functions. It is often convenient to factorize L'*(G,a) over
C, on the resulting quotient space L'#(G,a) = L'”(G,a)/C the functional ']l
becomes the norm.

3.2. Uniform approximation
If a = 1, the following result turns into Theorem 1.1.

Theorem 3.1. Let G be a compact graph and let a(x) be a non-negative function on G,

such that waeL”/(G). Then for any function ue L'? (G, a) and any neN there exists a
Sfunction veStep,, (G) such that

[Iwal | 111l 4
n—+1

[l = ]| <
If p = o0, the mapping ur—v can be chosen linear.

Proof. 1. Let first 1 <p<oo. Let L be a polygonal path on G connecting two given
points xo, x and parametrized by the ark length. For any function ueL'” (G,a),

u(x) — u(xp) = / i () dy.

L

Indeed, this is clearly true if x, x( lie on the same edge, and due to the continuity of u
on the whole of G the equality extends to any x, xo€ G. By Holder’s inequality,

() = utra) < ([t ) " ([awwora) ) (32)

Given a function ueL'”(G, a), define the function of subsets Ec%(G),

D (E) = [IWallr It llur £.0)- (3-3)
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Evidently ®,€S(G), and ®,(G) = [|wal|,[|/[|,,. It follows from (3.2) that

p.a:

sup |u(x) — u(xo)| <@, (E), Vxoek, (3.4)
xekE

for any set E€%(G).

Let now £E =T u...ul, be a nice pseudo-partition of E. According to the
definition, there is a point xp€ ﬂj’le I';. Applying inequality (3.4) to each I';, we
come to the inequality

sup |u(x) —u(xo)| = max sup |u(x) —u(xo)|< max @,(I}).

xeE J=1,...r xel; Jj=1,...r
Minimizing the right-hand side over the set of all points xy e ﬂ/ I'; and then over the
set of all nice pseudo-partitions of E and taking into account definition (2.6), we find
a point xz e E such that

sup |u(x) — u(xg)| <D, (E). (3.5)
xek
Suppose that the graph G is split into the union of subsets Ej, ..., Ex€%(G).
Consider the step function v = } 7 ;. u(xg;)z; where y; stands for the characteristic
function of the set E;. Then veStep,(G) and by (3.5)

lu—vll,, < max &, (E).

j=1,....k

Using Theorem 2.1, we find a partition with k<n such that ®,(E;) < (n + 1)~'®,(G)
for each j =1, ..., k. This gives the desired result for 1 <p< o0.

The same argument, with minor changes, goes through for p = 1; we skip it.

2. Let now p = oo, then we have instead of (3.2):

|u(x) — u(xo)| < [lard ||, / we dx <||au'[| = ) / Wy dx.
L L

The above argument works if instead of (3.3) we take

D(E) = [|t/]] L+ (G a) /E W, dx.
This function of subgraphs depends on a(x) but does not depend on the choice of the
function u. Therefore, also the partition G = E; Y --- U E; constructed according to
Theorem 2.1 does not depend on u, and hence the mapping ur v is linear. [
3.3. Weighted L’ -approximation

Now we turn to a generalization of Theorem 1.2.

Theorem 3.2. Let G be a compact graph and let a(x) be a non-negative function on G
such that woel” (G).
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(1) Let 1<p< oo and ueM(G). Then for any neN there exists a linear operator
P, = P,,:L'(G,a)— Step(G) such that rank(P,)<n and
[l (G)""”

M\Tnu’np_ﬂ, Vuel'?(G,a). (3.6)

||t = Pru]

(i) Let p = oo and du =V dx where VeL”(G). Then for any neN there exists a
linear operator P, = P, 4:L"% (G, a)— Step(G) such that rank(P,)<n and

[wal [ V]

e VuEL (GLa).

Hu_PnuHao,V< 0,a’

Proof. (i) Let 1 <p< c0; we do not discuss minor changes needed in the case p = 1.
The proof is quite similar to the previous one. This time we use the function

O, (E) = [|wally o u(E)' ", E€®(G),

of. (3.3). By (2.5), this function also lies in S(G), and ®,(G) = ||wa||, u(G)""”.
Let E=T;u...uTl, be a nice pseudo-partition of a given subset E e %(G) and let
xo€ (V= I'j. Then we find, using (3.2):

/E Ju(x) — u(xo)["dp(x) < Z sup [u(x) — u(xo)"u(T)

xel;

T p-1
) ]Zl</r/ v dx) ) /r/ a(y)lu' (v)ldy

< (m (T, ))p [ alwor d.

yeensl

Minimizing over the set of all points xge ﬂ/ I'; and then over the set of all nice
pseudo-partitions of E, we find a point xg, € E such that

/ u(x) — () Pdu(x) < (B,(E)) / a)d )P dy. (3.7)

Suppose now that the graph G is split into the union of subsets E, ..., Ex € 4(G) and
let v be the step function v =3, ;4 u(xg )y Then we derive from (3.7) that

k
/G u(x) — o) du(x)< 3 (@, () / aWW P dy

=1 E;
~ ]) /
< (max @5)) [ o) .
Applying Theorem 2.1 to the function ®,, we find a partition with k<n, for which
Jmax @, (E)<(n+1)" 04(G).
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This partition depends on u but does not depend on the choice of the function
uel?(G,a). This implies that the operator P, : ur— v is linear, and we arrive at (3.6).
(i1) The result is an immediate consequence of Theorem 3.1. [

4. Approximation of Besov spaces B’” (G) with <1, pf>1

4.1. Spaces B’(G)

As in the previous section, it is convenient for us to consider the spaces factorized
over the subspace C of constant functions. However, in our notations we do not
distinguish between a function u and the corresponding factor-element. In order to
simplify our reasonings, we consider only 1 <p< co and the spaces without weights.

The most natural approach to the spaces B*” (G) uses interpolation between the
space ['7(G), see Section 3.1, and the quotient space [?(G) = L”(G)/C. As usual,
the norm in [7(G) is defined by

il gy = mim 1 el

The spaces L7(G) and L'?(G) form a Banach couple, see e.g. [8], and we define the
interpolation space

B’ (G) =B)”(G) = (L*(G),L'"(G)) 0<0<1. (4.1)

0.p
We write ueB’”(G), when it is convenient to view u as an individual function rather
than the equivalence class {u + C}. We do not discuss here interpolation with the
second parameter ¢+ p which would lead to the general Besov spaces BZ’P .

There are many ways to define an interpolation norm in B%7. For our purposes it
is convenient to use the L-method with the parameters py = p; = p, see e.g. [8,
Section 1.4]. So, we define for 0<z< o0:

L(t,u; G) =inf{||uol[f, . + t||t}[[{q) 14 = uo + w13

()
upel?(G),u eL'?(G)}. (4.2)
A function uel?(G) 4+ L'?(G) belongs to the space B’ (G) if and only if
P P ) .
(I[ullgor(g))” = (||u\|éo.p(G>) = /0 7 UL(t,u; G) dt < 0. (4.3)

Replacing in (4.3) the graph G by its arbitrary subset E€%(G) and fixing an
element ueB’?(G), we obtain the function

J0a(E) = (lullgungsys  E€E(G). (44)

Let us show that Jy, € S(G). First of all, we note that the function Jy ,(E) = ||u] |‘EP(E)

lies in S(G). Indeed, the properties (1) and (2) of functions ® e S(G), cf. Section 2,
are evidently fulfilled, and for any constant ¢ and any partition £ = E; Y --- U E}
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we have

k k
/\u—c|pdx:Z/ |u—c|pdx>z mf / lu— ¢l dx
E =1 JE j=1

which yields super-additivity. The function J;,(E) = ||/ ||f,)( p) also lies in S(G),
therefore the same is true for the function L(z, u; G) defined by equality (4.2) for the
set E€%(G) substituted for G. Integration in (4.3) does not violate the property of a
function to lie in S(G). Hence, it is proved that Jy, € S(G). It follows from here and
(2.2) that

Wl <N,y VE E1€6(G), EicE. (4.5)

If Op> 1, any function ueB"”(G) is continuous. This is well known when G is a
single segment. Hence, u is continuous on any polygonal path in G and thus, on the
whole of G.

Denote by C(6,p) the sharp constant in the inequality

o |u(x) — u(xo)| < C(Qvl’)loil/pnu‘|B”-"[0J]' (4.6)

The value of C(0,p) does not depend on /, which follows from the homogeneity
arguments. Inequality (4.6) automatically extends to the graphs: due to (4.5),

sup [u(x) — u(x0)| < C(0,p)|E|" 2T (E)/P, VE€%(G), (4.7)

x,xoeE

where the function Jy,(E) is defined by (4.4).

4.2. Approximation of B"”

Below are analogs of Theorems 1.1 and 1.2 for the spaces B”(G).
Theorem 4.1. Let G be a compact graph, 0<0<1, and 1/0<p< oo. Then for any
function ue B (G) and any neN there exists a function ve Step,(G) such that

01
G| /p||“||B”-/’(G)

(n+1)"

[lu = vll .. <C(0,p) (4.8)

We only outline the proof; details can be easily reconstructed by analogy with
Theorem 3.1.
Together with Jy,(E), the function

O, (E) = |E|" 100 g,(E)P7 (4.9)

also belongs to S(G), cf. (2.5). Let subsets I'yj,...,I,€%4(G) form a nice
pseudo-partition of a set E€%(G) and let xy be a point from their intersection.
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The inequality

0
sup u(x) — u(xo)| < C(0, p>( max @ <r>>

xeE F

is easily derived from (4.7). Minimizing over the set of all points from ﬂj I;

and then, over the set of all nice pseudo-partitions of E, we find a point xzekE,
such that

sup u(x) — u(xg)| < C(6, p) (®u(E))".

xekE

The proof is concluded by applying Theorem 2.1 to function (4.9).

Theorem 4.2. Let G be a compact graph, 0<0<1, and 1/0<p<oo. Let ueM(G).

Then for any neN there exists a linear operator P,:B"’(G)—Step(G) such that
rank(P,)<n and

G|" 7 u(G)'”
(n+ 1)0

Again, we only sketch the proof. We make use of the function

|lu — Pyul], ,<C(0,p) \|ul|gor, VueB"?(G). (4.10)

@, (E) = |E|1*1/(9P)H(E)1/(9P)

which by (2.5) belongs to S(G). For any set E€%(G) we find a point xg, € E such
that

/Iu ) — u(xp,)Pdu(x) < C(0, p) (Bu(E)) " Jou(E), (4.11)
cf. (3.4). Let G=FE|Y.--UE; be an arbitrary partition of the graph G.
Let v:Zj]-‘:l u(xg )y, then we derive from (4.11) using the super-additivity
of Jg

[ = epaut Z L P < €O, Bt )

~ Op
< C(0.p) ( max, d>u<E_,»>) JalG).

J=1,...,

We come to the desired result applying Theorem 2.1 to the function ®, and taking
into account that the mapping P: u+> v is linear.
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5. Proof of Theorem 2.1
5.1. The case of trees

Let G =T be a tree, that is connected graph without cycles, loops and multiple
joins. For any two points x, yeT there exists a unique simple polygonal path in T
connecting x with y, we denote it by {x,y). It is clear that |{x,y>| = p(x, ).

For trees the notion of nice pseudo-partition simplifies. Indeed, if T =
®,u---uB, is a nice pseudo-partition of a (closed) subtree 7 <T, then the
intersection E = ﬂ;zl O; consists of exactly one point. For if x| #x, and x1,x; €&,
then also {x1,x; ) <E which contradicts the definition of pseudo-partition. So, the
point xe ﬂj ©®; is uniquely defined by a nice pseudo-partition. Besides, all the
subsets ©; are necessarily closed, i.e. each of them is a subtree of 7.

Conversely, each nice pseudo-partition of 7 is uniquely determined by the choice
of the point x. Indeed, the tree T splits in a unique way into the union of subtrees
®,cT,j=1,...,dr(x), rooted at x and such that dg,(x) = 1 for each j. Evidently
this pseudo-partition is nice. We call the pair {7, x} a punctured subtree and the
above constructed partition—its canonical pseudo-partition.

Let ®eS(T). Defining

(T,x)= max @(0)), (5.1)
Jj=1,...dr(x) ’

we evidently have

®(T) = min O'(T, x). (5.2)

xeT

Let in particular T = T. Each subtree ®; appearing in the canonical pseudo-
partition of {T, x} is determined by indication of its initial edge {x,v), v~x and we
denote this subtree by ®(,,y. For T =T definition (5.1) takes the form

(D/(T,X) = max ®(®<,¥75>).
The following lemma is the heart of our proof of Theorem 2.1.

Lemma 5.1. Let T be a compact metric tree and ®€S(T). Then for any ¢ (0,D(T))
there exists a pseudo-partition T = T O T', such that the set T'\T is connected (that is,
belongs to €(T)) and for the single point x*€ TT' the inequalities hold:

(T, x") <e, (5.3)

O(T'\{x*}) <O(T) — . (5.4)

Proof. Without loss of generality, we can assume ®(T) = 1. Take any vertex vy e 0T,
then @'(T,vg) = ®(T) = 1. There is a unique vertex v; ~vg. Now we choose the
vertices vy ~ vy, ..., U1 ~ Uk, ... as follows. If vy is already chosen, we define v;. ;| as
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the vertex different from v;_; and such that
D(Oypy) = max  D(Ocyuy) = O (Oy s k) (5.5)

WA~V WHF Uj— |

If there are several vertices w ~ vy at which the maximum in the middle term of (5.5)
is attained, then any of them can be chosen as vy,. The described procedure is
always finite, it terminates when we arrive at a vertex v,,€JT. On the path 2 =
{vy, vy, » we introduce the natural ordering, i.e. y>=x means that xe {(vy,y>. We
write y>x if y>=x and y#x.

Let xeZ be not a vertex of T, then v <x<v; for some k =1, ...,m. Denote

TP =00y, To =0y, XA00, s Un:
We also define the subtrees TF for x = vy, ..., v,,. Namely,
Tﬁ:T<7-‘k«,Uk—l>7 k=1,....,m,

Uk

T,=T, T, = ﬂ T, = U Tivwy, k=1,....m—1
V-1 <X <vk U U, UF V)
Finally, T, = {v}, T, = {vn} are degenerate subtrees. For any xe# we have
T =T} uT;. Clearly, this is a pseudo-partition of the tree T, and T n T, = {x}.
Besides, for any xe 2 we have xe 0T, and the set T,\T = T, \{x} is connected,
i.e. belongs to %(T).
The function F(x) = ®(T) is well defined on 2 and non-increasing. By (2.3), F is

left-continuous with respect to the ordering adopted. By the construction,
(D/(T:;,XO):F(X()), VX()EQ.

Further, (2.4) implies that
F(xo+) = _lim F(x)=®(T \{x0}), VxoeZ.

X X0,% X
We also have

0= F(vy)<e<F(vg) = 1.
Therefore, there exists a point x*e€ 2 such that

O (T, x*) = F(x*)=e=F(x"+).
We take 7= T} and 7" = T.. Then inequality (5.3) is satisfied and (5.4) is implied
by super-additivity:

O(T{X' N1 —®(T)=1-F(x")<I —=. O

5.2. Proof of Theorem 2.1 for the case of trees

Let G =T be a tree.

1. Let n = 1. Apply the result of Lemma 5.1 with ¢ = ®(T)/2. Let T = T U T’ be the
corresponding pseudo-partition, then @'(7",x*)<®(7")<®(T)/2. Consider the
canonical pseudo-partition of the punctured tree {T,x*}. Each subtree of this
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pseudo-partition is contained either in 7" or in T”, therefore

@' (T, x*) <max(®(T, x*), ®'(T", x*)) <D(T) /2.
Taking (5.2) into account, we see that (2.7) with k = n = 1 is satisfied if we take
E =T.
2. We proceed by induction. Suppose that the result is already proved for n = ng — 1.
Let T = T U T’ be the pseudo-partition constructed according to Lemma 5.1 for

¢=(no+1)"'®(T) and let T T’ = {x*}. Then
O(T"\{x*}) <no(ng + 1)~ ®(T).

Let us define a function @' of subsets E€%(T"), taking
O(E) = O(E\{x'}), VEeH(T),

then evidently @' € S(7"). By the inductive hypothesis, there exists a splitting of 7"
into the union of subsets E;e%(T"), j =1, ...,k such that k<ny — 1 and for each j

&' (E) <ny''(T") = g O(T"\{x"}) < (g + 1)~ O(T).

The point x* lies in only one of the sets Ej, let it be Ej. Since x*€dT", we conclude
that the set E;\{x*} is connected and therefore belongs to €(T).

The family E\, ..., Ex_1, Ex\{x*}, T forms the desired partition of T for n = ny.
For the trees, the proof of Theorem 2.1 is complete.

5.3. General case

Theorem 2.1, for arbitrary graphs, can be easily reduced to the case of trees by
means of “cutting cycles”. Below we describe the procedure of such reduction.

Let G be a compact graph and @ be a function from S(G). Let e be an edge of G
which is a part of a cycle. Supposing that e is not a loop, we identify e with the
segment [0, |e|]. Take any point xelInt(e) and replace it by the pair x;, x, of new
vertices. Respectively, the edge e is replaced by the pair e, e, of new edges whose
total length is equal to |e|. As the result, we obtain a new graph, say G;. Note that
the edges ey, e; are parts of no cycle in G;. Define the mapping 7, : G; — G which is
identical on G\Int(e) and sends isometrically e; onto [0,x] and e, onto [, |e[]. The
mapping t; is one-to-one on G\{x,x2}, and 7;(x;) = 71(x2) = x. It is clear that 1,
is non-expanding and hence, continuous.

The changes in this construction, needed if e is a loop, are evident.

Now, define a function ®; on the set ¥(G), namely

(D](E) = (I)(Tl(E)) if X1 EE, (I)l(E) = (I)(Tl(E)\{x}) if X1¢E.

k
The function @, is super-additive. Indeed, let E€%(G;) and E = u E;. If x| ¢E,
Jj=

then also x; ¢ E; for any j, and if x; € E, then x; € Ej, for exactly one value of j. In
both cases, inequality (2.1) for ®, is implied by the similar inequality for .
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Properties (1) and (2) for the function @, also follow from the same properties for ®.
Hence, @, €S(G)).

Repeating this procedure, we obtain a sequence of graphs Gy .= G, Gy, ..., G, a
sequence of mappings 7;: G;—G;_, j=1,...,m, and a family of functions
®,;eS(G;). The procedure stops as soon as we come to a graph without cycles and
loops, that is when G,, =: T is a compact tree. The mapping t = t,,0-+-01; : T>G is
continuous and measure preserving. Due to the continuity of 7, Te%(T) =
1(T) e %4(G). Besides, t transforms partition into partition and preserves the property
of a partition to be nice. The function ®,, belongs to S(G,,) and ®,,(T) = ®(G).

By the result of previous section, for a given neN there exists a partition T =

k
|_|j:1 E; into the wunion of subsets from @%(T), such that k<n and
CT)m(Ej)S(n +1)7'®,(T) = (n+1)"'®(G) for each j. Taking E} = t(E;), we find a
partition of G which meets all the requirements of Theorem 2.1.

6. Complements and concluding remarks

6.1. On the sharpness of estimates

(a) The factor (n+ 1)71 in inequality (2.7) of Theorem 2.1 is sharp for each n. To
see this, consider the star graph Gy consisting of N edges e, = {o,vx >, k=1,....N
of equal length 1, all emanating from the root o. For any subset E € ¢(Gy) we define
®(E) = |E|, then ®eS(Gy). Take n = N — 1, then at least one of the subsets E;
appearing in the conclusion of Theorem 2.1 necessarily contains two edges of Gy.
Thus, ®(E;)>2 and hence, &)(EJ)ZI for any nice pseudo-partition of E;. Since
|Gn| = N =n+ 1, we see that inequality (2.7) turns into equality.

(b) The same factor (n + 1)71 in inequality (1.2) of Theorem 1.2 is also sharp for
each n. Indeed, consider the star graph Gy and the measure ueWi(Gy) defined as
ft =0, + -+ + d,,. Consider also the subspace ¥ =L'”(Gy) formed by the functions
u such that ulex = cxp(o,x), k=1,...,N. Then

1], = Ml Gy = llellz, ¢ ={cxhicken, Yuey.

It follows that for any linear operator P:L'7(G)—L”(Gy,u) with rank(P)<n the
quantity

inf u— Pu )
wel7(G) ], =1 H ||Ln(GN,u)

is no smaller than the n-width in /%, of the unit ball of this space. For n<N this n-
width is equal to one, see e.g. [6], Proposition 1.3. Since |Gy| = u(Gy) = N, we see
that for n = N — 1 an element ueL'?(G): |[/||, = 1 can always be found in such a



M. Solomyak | Journal of Approximation Theory 121 (2003) 199-219 215

way that

G| u(Gy)'”
[l = Pullpgy =t =—""~——

Replacing the above measure p by a sequence of measures V; dx which *-weakly

approximate u, we find that the factor (n + 1)7l in (1.2) is the least possible also for
absolutely continuous measures. However, for each particular absolutely continuous
measure u inequality in (1.2) is always strict.

(c) The same factor in the inequality (1.1) is sharp for n = 1. For n>1 it becomes
sharp, provided one passes to the version of Theorem 1.1 (and its generalization,
Theorem 3.1) dealing with vector-valued functions. Namely, let X be a Banach space
and let L'?(G; X) stand for the space of X-valued functions on G whose definition is
clear by analogy with the case of scalar-valued functions, cf. Section 1. Both
mentioned theorems extend to the spaces L' (G; X), the proof actually remains the
same.

Now, take X = /“. For ke N, let 7,,€ /* be the element whose kth coordinate is 1
and all the others are equal to zero. On the star graph Gy consider the function u
which is 1,p(0,x) on the edge e € Gy. Then uel'?(Gy; X) for each pe|l, 0] and
|[t||17(Gy:x) = 1. The same reasoning as in (a) shows that for n = N — 1 the constant

factor (n + 1)71 in the vector-valued version of (1.1) is the best possible.

6.2. Graphs and trees:comparison of the corresponding results

Given a compact graph G, let T and t: T—G be the tree and the mapping
constructed in Section 5.3. Let a(x) be a non-negative function on G such that

wael”(G) (cf. (3.1)). Define b(x) = a(z(x)), then wyel”(T) and ||wb||_,,r(T)
||Wu||LF’(G)' Moreover, it is clear from the construction that the mapping

u(x)—v(x) = u(t(x)) defines an isometry between the space L'”(G,a) and an
appropriate subspace of finite codimension in L'*? (T, b). Indeed, suppose that the
passage from the graph G to the tree T consists in replacing the points x(/) eG,
j=1,...,m by the pairs {x(lj),xgj)}CT. Then the space L'7(G,a) can be identified
with the subspace

{uel""(T,b): u(xgj)) = u(x;ﬁ), j=1..,m}

The above mapping urv defines also the natural isometry between the spaces
L?(G, V) and L*(T, W) where W (x) = V(z(x)). It follows from these remarks that
Theorem 3.2 for general graphs reduces to its particular case for trees.

The same is true for Theorem 4.2, though for the spaces B’ the above mapping
ur—v is not necessarily an isometry. But this is always a contraction, so that the
constant in estimate (4.10) for a graph G cannot exceed the one for the
corresponding tree T.
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6.3. Approximation numbers of embedding operators
Suppose that a point o€ G is fixed, and define the spaces

W!'(G,a;0) = {ucl'(G,a): u(o) = 0}

and, for 0<f<1 and p>1/6,

B’ (G;0) = {ueB"”(G): u(o) = 0}.

We take ||u’||[w as the norm in Wl"’(G,a;o) and |[u||go» (cf. (4.3)) as the norm in
B’”(G;o). It is clear that the spaces W'?(G,a;0) and B%?(G;0) are naturally
isometric to the quotient spaces |:'=”(G, a) and Bﬁﬂp(G), respectively. For this reason,
Theorems of Sections 3 and 4 immediately apply to the spaces W'”(G,a;0) and
B"’(G;o0).

Given two Banach spaces Y and X and an integer n>0, let P, stand for the set of
all linear mappings P: Y — X whose rank does not exceed n. Recall the definition
of the approximation numbers a,(7) of a bounded linear operator 7: X — 7Y,
see e.g. [2]:

W(T) = inf T — P||y. 6.1
a(T)=, il T =Py (6.1)
In particular, this definition applies to the case when Y is embedded in X

algebraically and topologically, and 7 = Jy x is the corresponding embedding
operator. Theorem 3.2 implies that under its assumptions we have, for any ne N:

[1Wal |, (G)'7?

an(TW12(G azo) L (G.a)) ST, P (6.2)

[wal [, (1711
a”(JWI'x(G,a:o),Lx(G,V))S#' (63)

In the same way, it follows from Theorem 4.2 that

an(JB()'”(G,a;o)7LI’(G,H)) < C(eap)|G|6_1/pM(G)l/pn79a Vne N, 1 <P9 <.

6.4. Hardy-type operators on trees

For the case of trees there is a useful interpretation of estimates (6.2) and (6.3) in
terms of approximation numbers of certain integral operators.

Let T be a compact metric tree on which a point o (the root) is selected. Below we
use the notation {x,y) introduced is Section 5.1.
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The Hardy-type integral operator with weights v, w on the rooted tree {T,o0} is
defined as

9(x) = (Hyf)(x) = (Hew(T, 0)f)(x) = v(x) ) >f(,V)W(y)dy- (6.4)

At first we assume that w(x)#0 a.e. and set a(x) = |w(x)|”, then w = wy, cf. (3.1). It
is easy to see that the operator

Oy :f<x)'_’u(x) = Cond f(y)w(y)dy
defines an isometry of the space L”(T) onto L'?(T,a;0). Besides, gll, = [1Qwf 1],
where V' = |v]. This shows that

ay(H,,) = a]‘l(.]wl.p(T’a;o)’Lp(T’V)), VneN.

Now we are in a position to justify the following result.

Theorem 6.1. Let T be a compact metric tree with the root o and let wel” (T),
vel”(T) where 1<p<oo. Then the operator H,, is compact in L”(T) and its
approximation numbers satisfy the estimate

[[oll,[[wl],

an (Hyp) <2 =L ¥neN. (6.5)

Proof. If w(x)+#0 a.e., then (6.5) immediately follows from Theorem 3.2. The result
extends to the general case by a standard approximation argument. [

6.5. Comparison with the results of [4]

The techniques of [4] is based upon a careful analysis of the function A4,,,(7") of
subtrees 7€ 4(T) which in the compact case can be defined as follows:

Ap(T) = mi71_1 |[Hy (T, 0) : LP(T) =L (T)||,
cf. Theorem 3.8 in [4]. Evidently,

Ap(T) < ||U||L"(T) | |W|||_/J’(T)-

Up to a change of notations, the expression on the right-hand side is exactly the
function @ appearing in the proof of Theorem 3.2. One may attempt to apply our
analysis directly to the function 4,,,(7T"). However, such an attempt fails, since this
function is, in general, not super-additive. Note also that the converse inequality
AU7W(T)>c|\v||Lp<T)||w| (1) with any ¢>0 is impossible.

In terms of the function A4,,,(7T) the authors of [4] found for the approximation
numbers a, = a,(H,,(T,0)) some two-sided estimates, see Theorem 3.18 there.
Based upon these estimates, they justified the Weyl-type asymptotics for a,. As it was
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pointed out to the author by Evans, the inequality
i a <37 ol ],

which is only slightly rougher than (6.5), can be easily derived from the results of [4].

As we see it, the techniques developed in the present paper gives a direct and
unified approach to the upper estimates of approximation numbers for embedding
operators of Sobolev spaces on graphs. It cannot give any lower estimates. For
integral operator (6.4) our new result consists in finding the upper estimate with the
best-possible constant factor.

Some results can be obtained by combination of our both approaches. For
example, the reasonings presented in Section 6.2 immediately lead to the following
result.

Proposition 6.2. Under the assumptions of Theorem 3.2, the following asymptotic
Sformula for the approximation numbers a, of the embedding operator of the space

W!?(G, a; 0) into L7(G, V):

lim nan:ocp/Gw,,(x)V(x)l/”dx, ap = A1,1([0,1]).

n— oo

Indeed, for trees this is nothing but a reformulation of Corollary 5.4 from [4].
Since the passage to a subspace of finite codimension does not affect the asymptotic
behavior of approximation numbers, the desired result for general compact graphs
follows.

Lemma 5.9 from [4], which deals with the cases p = 1 and oo, extends to graphs in
the same way.

6.6. More on approximation of spaces B"?(G)

In Section 4 we used interpolation for the description of these spaces. It is
natural to try using interpolation in a somewhat more systematic way, namely
for deriving Theorem 4.2 from Theorem 1.2. Unfortunately, this idea does not
work. Indeed, the construction of the operator P, in Theorem 1.2 heavily relies
upon continuity of the functions from L!”. As a consequence, P, is not well defined
as an operator in L, and there is no base for interpolation.

It is also unclear whether the result of Theorem 4.2 can be extended to the general

Besov spaces BZ‘P with g#p, and also to the fractional Sobolev spaces L% =
[L? ,Ll‘*”]g. The obstacle is basically the same. Indeed, let 0<fy<0<6;<1 and
p0o>1. Given a measure ueMM(G), let P, P! be the operators P, constructed in
Theorem 4.2 for the spaces B> B, respectively. In general, P9+ P! and again
there is no base for interpolation.
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